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Abstract. The purpose of this article is threefold. The first is 
to construct a Nevanlina theory for meromorphic mappings from 
a polydisc to a compact complex manifold. In particular, we give 
a simple proof of Lemma on logarithmic derivative for nonzero 
meromorphic functions on C'. The second is to improve the defi- 
nition of the non-integrated defect relation of H. Fujimoto [7] and 
to show two theorems on the new non-integrated defect relation 
of meromorphic maps from a closed submanifold of C' to a com- 
pact complex manifold. The third is to give a unicity theorem 
for meromorphic mappings from a Stein manifold to a compact 
complex manifold. 
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1. Introduction 

To construct a Nevanlinna theory for meromorphic mappings be- 
tween complex manifolds of arbitrary dimensions is one of the most 
important problems of the Value Distribution Theory. Much attention 
has been given to this problem over the last few decades and several 
important results have been obtained. For instance, W. StoU [17] in- 
troduced to parabolic complex manifolds, i.e manifolds have exhausted 
functions on the ones with the same role as the radius function in C' 
and constructed a Nevanlinna theory for meromorphic mappings from 
a parabolic complex manifold into a complex projective space. In the 
same time, P. Griffiths and J. King [H] constructed a Nevanlinna theory 
for holomorphic mappings between algebraic varieties by establishing 
special exhausted functions on affine algebraic varieties. There is being 
a very interesting problem that is to construct explicitly a Nevanlinna 
theory for meromorphic mappings from a Stein complex manifold or a 
complete Kahler manifold to a compact complex manifold. The first 
main aim of this paper is to deal with the above mentioned problem 
in a special case when the Stein manifold is a polydisc. In particular, 
we give a simple proof of Lemma on logarithmic derivative for nonzero 
meromorphic functions on (cf. Proposition 13.71 and Remark 13.81 be- 
low). 

In 1985, H. Fujimoto [7] introduced the notion of the non-integrated 
defect for meromorphic maps of a complete Kahler manifold into the 
complex projective space intersecting hyperplanes in general position 
and obtained some results analogous to the Nevanlinna-Cartan defect 
relation. We now recall this definition. 

Let M be a complete Kahler manifold of m dimension. Let / be a 
meromorphic map from M into CP",/io be a positive integer and D 
be a hypersurface in CP" of degree d with /(M) ^ D. We denote the 
intersection multiplicity of the image of / and D at f{p) by u^^f D^ij)) 
and the pull-back of the normalized Fubini-Study metric form on CP" 
by The non-integrated defect of / with respect to D cut by /io is 
defined by 

6^^"\d) := 1 — infjr] > : satisfies condition (*)}. 

Here, the condition (*) means that there exists a bounded nonneg- 
ative continuous function h on M with zeros of order not less than 
min{z/(j-^£)), /io} such that drjVLj + dd'^logh? > [min{i/(j /xq}]; where 
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dp = ^^^{d — d) and we mean by [z/] the (1, l)-current associated with 
the divisor u. 

Recently, M. Ru and S. Sogome [16] generahzed the above resuh of 
H. Fujimoto for meromorphic maps of a complete Kahler manifold into 
the complex projective space CP" intersecting hypersurfaces in general 
position. After that, T.V. Tan and V.V. Truong [18] generalized suc- 
cessfully the above result of H. Fujimoto for meromorphic maps of a 
complete Kahler manifold into a complex projective variety V C CP" 
intersecting global hypersurfaces in subgeneral position in V in their 
sense. Later, Q. Yan [19] showed the non-integrated defect for mero- 
morphic maps of a complete Kahler manifold into CP" intersecting 
hypersurfaces in subgeneral position in the original sense in CP". We 
would like to emphasize that, in the results of the above mentioned 
authors, there have been two strong restrictions. 

• The above mentioned authors always required a strong assumption 
(C) that functions h in the notion of the non-integrated defect are 
continuous. By this request, their non- integrated defect is still small. 

• The above mentioned authors always asked a strong assumption as 
follows: (H) The complete Kahler manifold M whose universal covering 
is biholomorphic to the unit ball ofCK 

Motivated by studying meromorphic mappings into compact com- 
plex manifolds in [2] and from the point of view of the Nevanlinna 
theory on polydiscs, the second main aim of this paper is to improve 
the above-mentioned definition of the non-integrated defect relation of 
H. Fujimoto by omiting the assumption (C) (cf. Subsection 4.1 below) 
and to study the non-integrated defect for meromorphic mappings from 
a Stein manifold without the assumption {H) into a compact complex 
manifold sharing divisors in subgeneral position (cf . Theorems 14.31 and 
14. 71 below). As a direct consequence, we get the following Bloch-Cartan 
theorem for meromorphic mappings from C' to a smooth algebraic va- 
riety V in CP™ missing hypersurfaces in subgeneral position: a non- 
constant meromorphic mapping of C' into an algebraic variety V of 
CP"* cannot omit {2N + 1) global hypersurfaces in A^-subgeneral po- 
sition in V. We would like to emphasize that, by using our arguments 
and their techniques in [16], [18], [19] we can generalize exactly their 
results to meromorphic mappings from a Stein manifold without the 
assumption (H) into a smooth complex projective variety V C CP^ 
(cf. Remark 14 . 6 1 b elow) . 

In [B] , the author gave a unicity theorem for meromorphic mappings 
from a complete Kahler manifold satisfying the assumption (H) into 
the complex projective space CP". The last aim of this paper is to give 
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an analogous unicity theorem for meromorphic mappings from a Stein 
manifold without the assumption (if) to a compact complex manifold. 

2. Some fagts from pluri-potential theory 

2.1. Derivative of a subharmonic function. In this subsection, we 
give an estimation of derivative of a subharmonic function. Firstly, we 
recall some definitions. 

For i? > 0, we consider the ball of radius R as follows: 

5^ = {x e M" : |x|< R}, 

where |x| is the Euclidean norm in M". 

For R = {Ri, • • • , Rn) with Rj > for each 1 < j < n, we consider 
the polydisc with a radius R as follows: 

= {x = (xi, ■ ■ ■ , Xn) G M" : |a;j|< Rj for each 1 < j < n}. 

If Ri = ■ ■ ■ = Rn := R > 0, then the polydisc Ar is denoted by 
Ar := A{R). 

For X e M" - {0}, put 

(27r)-Mog|a;| if n = 2, 



Ex) 



/((^-2)c„) if n > 2, 



where Cn is the area of the unit sphere in R". The classical Green 
function of Br with pole at x G Br is 



GR(x,y) 



E{x-y)-E(^40-y)^ if x ^ 0, x ^ y 

if X = 0. 



(n-2)c„ I |y|"-2 



Note that GR{x,y) = GR{y,x). The Poisson kernel of Bi is given by 

P{x,y) = —(1 - \x\'^)\y - a^T", \y\= i, \x\< i. 

Theorem 2.1. (Riezs representation formula) Let u be a subharmonic 
function ^ — oo in the ball Br = {x G M" : |x|< R}. Take < R' < R. 
Then 



MX 



GR'{x,y)dfi{y) + J u{R'y)P (^-^,y^du{y), x G Br, 



where dfi = Au as distributions. 

For a proof of this theorem, we refer to pi, Proposition 4.22]. The fol- 
lowing has a crucial role in the proof of Proposition 13.71 on Logarithmic 
derivative lemma. 
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Proposition 2.2. Let u be a lower-bounded subharmonic function ^ 
— oo in the ball Bji. Assume that u has the derivative a.e in B^. Then 

/ \ — {a)\da< Sin){R-^ + R"") snp\u{x)\ 

Ja(^) OXk \x\<R 

for each 1 < k < n, where S{n) is a constant depending only on n. 
Proof. By Theorem 12.11 and the hypothesis, we have 



dxk JdBi V dxk 

By a direct computation, we get 

dGR/2{a,y) au - yu , (R 

Cn 7^ = -] + I — 

dxk \0'-y 



\{^fa-y\a 


2 




|(f )2a - y\a\ 


2 


n+2 



a 


P((f)V- 




yk\a\ 




|(f)2a-y|a| 


2 


n+2 



and 

'-^^\R/2^y) _ ^R/2\r/2 y\ 'H-L \r/2\ ) R/2 
9Xk Cfi 1 7jy2 ^1 

Take a such that |a|< i?/4. Then, there exists S{n) depending only on 
n such that 

,dGn/2ia,y)^^ J 1 1 1 



dxk 

Therefore, for |a|< -R/4, 

^^^^ (1,. + ^ + 

n(%/2)cia;(y) 

In the Riezs representation formula of m, taking x = 0, we get 
«(0)= / G,R„{Q,y)d^i{y)+ [ u{3Ry/4)P{0,y)duj{y). 



Hence 
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For convenience, in this proof, S{n) always stands for a constant de- 
pending only n. Therefore, 

dxk 



a)\< S{n)(! + 5+1) sup \u{x)\\ 

\JBn/2 I" - y\ \x\<R ) 



Integrating the above inequality over A(^), we obtain 

{a)\da< [ dii{y) [ \—rda 



Sin) J^^R.^ dxk Jb^^, A(^) \a - v\ 

+ / [R-^ + + 1) sup \u{x)\da 

Ja(^) \x\<R 



'A(^) \x\<_ 

< / My) / I 

JBji/2 J B{y,\y\+R/2) " Vl 

+ (i?-^ + sup \u{x)\ 

\x\<R 

< {R-^ + sup \u{x)\. 

\x\<R 



□ 



2.2. Pluri-complex Green function. For detailed explosion of this 
subsection, one may consult ^13i Chapter 6, Section 6.5] and [2], Chapter 
III, Section 6]. Firstly, we denote d = d + d and d^ = -^{d — B) as 
usual. 

Let f2 be a connected open subset of C" and let a be a point in Q. If 
M is a plurisubharmonic function in a neighborhood of a, we shall say 
that u has a logarithmic pole at a if 

u{z) — log|2; — a\< 0(1), as z — )■ a, 

where |2; — a| is the Euclidean norm in C". The pluricomplex Green 
function of Q with pole at a is 

= 

swp{u{z) : u G VST-Liyi, [— oo, 0)) and u has a logarithmic pole at a}. 

(It is assumed here that sup = oo). We would like to notice that 
if \^ is a plurisubharmonic function, then the dd^V A (dd'^g'n a)""^ is 
well-defined (see [21 Proposition 4.1]). For r G (— cxd,0], put 

gr{z) = miix{gn,a{z),r}, S{r) = g^l,{r). 

Define 

jjr = (dd'=c/^(z))" - l{<,n.a>r-}(dd'c/n,a)",r G (-CX),0). 



NEVANLINNA THEORY 7 

Then the measure is supported on S{r) and r — )■ /i^ is weakly contin- 
uous on the left. Denote by /x^.a the weak-limit of /i^ as r — )■ 0. We now 
consider Q = A/j = {{zi,Z2, - ■ ■ , Zn) G C" : |-2i|< -Ri, ■ ' ' 5 kn|< Rn} is 
a polydisc in C". For brevity, we will denote the polydisc A/j by A in 
the end of this subsection. Then, we have 

gA,a = maxi<j<„log| _ — |. 

Kj Zjttj 

Moreover, /XA,a is concentrated on the distinguished boundary d'A of 
A and 

" _ 1^ .|2 

(1) dfiA,a = n ■ ■ ■ 

j=l ' j J I 

Theorem 2.3. Let \^ &e a plurisuhharmonic function on an open neigh- 
borhood of a polydisc A ofC^. LetgA.a be a pluricomplex Green function 
of A with pole at a = {ai, ■ ■ ■ , an) G A. Then 

" i??-|a-i2 



/ ^n ,/' ^%^, dt,...dtn-{2nrV{a) = 

[ [ dd'V A (dd^^A, J"-^ dt 

Proof. By the Lelong- Jensen formula (see [TS] Chapter 6, Section 6.5] 
and [21 Chapter III, Section 6]) and the fact that (dd'^5'A,a)" = (27r)"'(5{a}, 
we obtain for r < 

Vidd'gA,ar= r I dd'V ^{dd^gA,aT-'dt. 

•J {9n,a<r} J -oo J {gA,a<t} 

It is clear that the right-handed side converges to 

/ / dd'V A (dd=(7A,a)""' dt 

J-oo J{gA,a<t} 

as r tends to 0. Now suppose that V is continuous. Since the supports 
of //r C A and fir weakly converge to /in,a, we get firiV) fJ'n,a(y) as 
r tends to 0. In general, by taking a decreasing sequence of continu- 
ous plurisubharmonic functions Vn converging to V, we get the desired 
equality. Notice that fin,a(y) is finite by ([1]) and 



^(dd^^?A,a)" = i27Tr5{a}iV) = (27r)"y(a) 
is finite or — oo. □ 
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2.3. Pluri-subharmonic functions on complex manifolds. This 
subsection is devoted to prove a version of [121 Theorem A] in the 
case where M is Stein and m is a (not necessary continuous) plurisub- 
harmonic function. Throughout this subsection M will denote an m- 
dimensional closed complex submanifold of C" and the Kahler metric 
of M is induced from the canonical one of C". 

Definition 2.4. Let N he a complex manifold and f he a locally inte- 
grahle real function in N. We say that f is plurisubharmonic function 

(or psh function, for hrevity) if dd'^f > in the sense of currents. 

Lemma 2.5. (see |T2l Lemma, p.552]j Let Ni he a Kahler manifold 
and N2 he a complex manifold. Let g he a holomorphic map of Ni to 
N2. Then for each C'^-psh function f in N2, fog is suhharmonic in 
Ni. 

Lemma 2.6. The volume of M is infinite. 

Proof. Take a point a G M. Let BM{a,R) be the ball centered at a 
of M and of radius R. Put u = \z — a\. Then m is a psh function on 
C" and hence, it is a subharmonic function on M. Since the Kahler 
metric on M is induced from the canonical one of C^, it implies that 
Bm{ci, R) C B{a, R), where B{a, R) is the usual ball centered at a and 
of radius R in C". Therefore u < R in -Bm(o., R). By ^121 Theorem A], 
we get 



Proposition 2.7. Let u he a psh function on M and K he a compact 
suhset of M. For each open suhset U of M such that K C U M, 
there exists a decreasing sequence of C°°-psh functions Uk in U such 
that Uk converge to u, a.e in U. Moreover, if u is non-negative then Uk 
is non-negative. 

Proof. By [lOl Chapter Vlll, Theorem 8], there exists a holomorphic 
retraction a of an open subset V of C" containing M to M, i.e a is 
holomorphic and a\M = idM- Then m o a is a psh function on V. The 
conclusion now is deduced immediately from this fact. □ 

As a direct consequence, we get the following. 

Corollary 2.8. Let ^ he an increasing convex function in M. Let u he 
a psh function on M. Then ^ o u is a psh function. Specially, if u is 
non-negative then {p > 1) is in the Soholev space 'Ho{M) of degree 




From this we deduce that /^^ dvol = 00. 



□ 



ofM. 
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Theorem 2.9. Let u be a non-negative psh function on M and p be a 
positive number greater than 1. Take a point a G M. Let BMia, R) (or 
B{R) for brevity) be the ball centered at a of M and of radius R. Then 
one of the following two statements holds: 

(i) 

1 f 

liminf ^TTT / M^(ivol = oo. 

BM{a,R) 



u is constant a.e in M. 



Proof. Suppose that u is not constant a.e in M and 
(2) hminf^ / vF dYo\ = A < oo. 

Then, there exists a sequence {rj} such that 

^ / vFdYo\ = A. 



By Proposition l2.7[ there is a decreasing sequence Uk of C°°-nonnegative 
functions such that uu is psh in B{rk+2) and Uk converge to m, a.e in 
B{rk+i)- By the monotone convergence theorem, there exists a sub- 
sequence of Ufc, without loss of generahty we may assume that this 
subsequence is u^, satisfying 

— I u^dvo\<— I u^dvo\ + l. 

For each j > 1, let ipj be a Lipschitz continuous function such that 
'.pj{x) = 1 on -B(a, Vj) and '^j{x) = in M\B{a, r^+i) and giadipj < 
a.e on M, where C is a constant which does not depend on index j (see 
[T2| Lemma 1]). Put 

Jf (e) = / (f'^j{u% + e)^\\gmduN\\^dYo\,N >j 

and = lim,_^o/f (e). By the proof of [El Theorem 2.1], < +oo 
(by [2]) and there exists a constant C = C{p) > such that 

(3) /jli/f < (/jli)^ < Cilf^, - If), l<j<N. 

The rest of the proof is proceeded as in the one of [121 Theorem 2.4]. 
For convenience we sketch it here. 

It is easy to see that for some j, if > for an infinite number of 
values of A^. Since If < If for j < k < N, it follows that there exist 
an index jo and a sequence A^fc — )■ +oo such that for each m > Jq, Nk > 
m, If'' > 0. Divide ([3]) by lf_^^lf'',m < j < Nk and summing over 
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j (from m to Nk), we obtain 1//^*= > C{Nj: — m) for a constant C. 
Hence, 



lim / ('W^t + ^) ^ llgradMAT^II^dvol = 0. 



Now, let </? e Cg{M) and be the smallest integer greater than (p — 
2)/2. Then, 



/ ti^+^A(^(i vol = lim u'^j^^Aipdvol 



= -{q + 1) Um < gradiiATfc, grad(/7 > 
= 0. 



In the other words, Au = in the sense of currents. Hence, m^"*"^ G C°° 
by the regularity theorem (so that "gradw*+^" makes sense). Put X — 
grad?/«+^ Then, 

J\\X\fipdvol ^ J < grad 'u''+\ (^X > 0? vol 
^- J M'^+Miv(99X)rfvol 
= — lim / M^^div(</7X)d vol 
— (q + l) lim / uf^^ < gradiijvt, > dvol 

fe->+oo J 

= 0. 

Therefore, X = 0. That means u is constant, a contradiction. □ 
Corollary 2.10. Let u be a psh function on M. Then 

e" (i vol = oo. 



M 



3. Nevanlinna theory in polydiscs 
In C", consider a poly disc 

A{a,K) = {{zi, Z2, - ■ ■ ,Zn) e : \zi - ai\< Ri, - ■ ■ , \zn - an|< Rn}, 

where < • • ■ , Rn < oo. In case of a = 0, we simply denote A (a, R) 
by Ar. We now construct definitions in the case where Rj < oo for each 
j. The construction in the case where Rj — oo for some j is similar. 
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3.1. First main theorem. Let £ — )■ X be a holomorphic line bundle 
over a compact complex manifold X and d be a positive integer. Let E 

be a C- vector subspace of dimension m + 1 of H^{X, C^). Take a basis 
{ck}]^=i a basis of E. Put B{E) = n^^EW = 0}. Then 

ni<i<m+i{ci = 0} = B{E) 

and 

c^ = dd^log(|ci|V--- + |c^+i|')'/" 

is well-defined on X \ B{E). 

Assume that R = ■ ■ ■ , i?„) and R' = {R'l, ■ ■ ■ , R'n), where Rj > 
and R'j > for each 1 < j < n. RecaU that R < R! {R < R! resp.) if 
< < R!j (0 < Rj < R'j rcsp.) for each 1 < j < n. 

As usual, we say that the assertion P holds for a.e r < i? if the 
assertion P holds for each r < R such that rj is excluded a Borel 
subset Ej of the interval [0, Rj] with ds < oo for each 1 < j < n. 

Let / be a meromorphic mapping of a polydisc Ar of radius R ~ 
{Ri,--- ,Rn) into X such that /(Ar) n B{E) = 0. We define the 
characteristic function of / with respect to E as follows 



Tf{r, E) = [ drn{a) j j fu A (dd^^A^.a)""' ds 

= / dm(a) f bA.,a|ru;A(dd'=^0"-\ 

where tq < -R is fixed, tq < r < R and dm is the Lcbcsgue measure in 
C*. Remark that the definition does not depend on choosing basic of 
E. Take a section a of for some s. Let D be its zero divisor. Put 





(7 




(kll 


|2+... 


+ |c^+l|2)2d 



For 1 < A; < oo, the truncated counting function of / to level k with 
respect to D is 

Nf\r, D)^ ! f [ min{[/*D], ^} A (dd^yA,,„)'^-^ 

= / / \9Ar,a\ min{[/*D], fc} A (dd'^^A,,,,)"- 



and the proximity function is 



mf{r,D) = ,\ . [ dm{a) j log I d^Ar,a- 
m{Aro)J Aro JdAr \W°f\\ 
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For brevity, we will omit the character l^^l if = oo. Now, take holo- 
morphic functions /o, /i, • • • , /m in Ar such that (/)o = /*(ci)o, fi+i = 
fi '^^'^jfP for i > 0. We get a reduced representation (/o, /i, • " • : fm) of 
f. By the Lelong-Jensen formula, we get 

Theorem 3.1. (First main theorem) 

sTf{r,E) = Nf{r,D)+mf{r,D)- [ log ^ dm{a). 

Proposition 3.2. 

T^(r, E)= [ log(|/o|2+ • • • + \fm\'y^''dt,dt2 ■■■dtn + 0(1), 

Jd'Ar 

where d'Ar is the distinguished boundary o/ A^. Hence, Tf(r,E) is a 
convex increasing function o/logr^ for each i. 

We also have an analogue for A^/(r, D). 

Remark 3.3. Put log"*" s = max{logs,0} for all s > 0. Let g be a 

meromorphic function on Ar. Then g is considered as a mapping of 
Ar into CP^ by sending z to [gi{z), g2{z)], where g = gi/g2- Let "Hi be 
the hyperplane bundle on CP^, D = [0, 1] (the divisor consists of only 
one component [0, 1] with coefficient 1). Put 

mg{r) = / log+|^(re'*)| dti--- dt^. 

Then mg{r) = mg{r, [0, 1]) + 0(1). 
In fact, we have 

/ log+|^(re^Ol^^= / \og(l + \^^pQ-\]dt + 0{l) 
Jd'Ar Jd'Ar \ 92{re'*) J 

= m,(r, [O,l]) + O(l). 

3.2. Second main theorem. Let be a meromorphic function on 
a polydisc A^. For an n-tuple a — (q;i,q;2,-- - , q;„) of non-negative 
integers, we put 

1=1 

First of all, we need some auxiliary lemmas. 
Lemma 3.4. Let f e L\Ar). Then f G L\d'Ar) for e.a r < R. Put 

/i(r)= / fdt,---dtn {r<R) 

Jd'Ar 
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and 

/2(r)= / f{z)dm{z) {r<R). 

Then 

— — — (r) = nrs ■ ■ ■ r„/i (r) for a.e r < R. 

OriOr2 ■ ■ ■ OTn 

Proof. It is known that for a disc in C and h{z) G L^(A,.), we have 



I h{z) dm{z) = s I h 



dt 



for a.e s < r. The proof now is deduced from the Fubini theorem and 
the above formula. □ 

Lemma 3.5. Let 0(r) > he a monotone increasing function for < 
r < R. Let 6 be a positive real number. Then 

, /"'^ , is) < iiu^^<^i^r' 

orior2 ■ ■ ■ OTn Rj — sj 

for all s < R such that Sj does not belong to a set Ej C [0, Rj] with 
L,7?73I^^<^ (1<J<^)- 

Proof Put rj = Rj - Rje-P\ i.e. pj = - log{^^) > 0. Then 

„ 1 

dridr2 ■ ■ ■ 5r„ dpidp2 ■ ■ ■ dpn ^^^^^=^ Rj - Sj ' 
The proof is easily deduced from applying Lemma 1.2.1]. □ 

Lemma 3.6. f |lH Lemma 2.4] j Assume that T{r) is a continuous and 
increasing function for rQ < r < Rq < oo and T{r) > 1. Then we have 

outside a set Eq of r such that J^^ ds < oo. 

Proposition 3.7. (Lemma on logarithmic derivative) Let g be a mero- 
morphic function in A^. Then, there exists a constant C depending only 
on n such that 



m 



z^(r, [0, 1]) < c(\ogTg{r,E) + Vlog— 



3 = 

for all a G and for all r < R such that rj does not belong to a set 
Ej C [0, Rj] with ds < oo {1 < j < n). 
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Proof. We consider the case that | a | = 1 • The general case follows easily 
from this case. Take r < r'. Write g = gi/g2- Applying Proposition 12.21 
for log 1 1, log 1 1 we get 

/ \d\og\g\/dzk\dm{z) < sup |log 1 515(21 1- 
Hence, for a E Ar, 

/ A\ f ,dg/dzk, , / X ri I I 1 1 1 

(4) / I \am[xj < sup maxjlog 1 5152 1, log 1 

(5) <(n^)T,,/.^). 

By dividing the polydisc into many polydiscs which have the form 



A(a, we obtain 



(6) / f-^\dm{x) <C{n)\[(-^)\,{r\E), 

JAr 9 j = l V-n-j / 

where C{n) is a constant depending only on n. Moreover, by Lemma 
I we deduce that 

3 



I dg/dzk 

d'Ar 9 



for all r < i? such that Vj does not belong to a set Ej C [0, Rj] with 
nfz-sdsK 00. Hence, 

(7) 

f log+|M^| dt,--- dt^ < V log + (3n + 1) log T^(r', E) + 0(1) 

J d'Ar 9 jr[ Rj-rj 

for all r < such that Tj does not belong to a set Ej C [0, Rj\ with 
/b ds < 00. The proof is completed. □ 

Remark 3.8. We can apply the above argument to the characteristic 
function in the classical sense of a nonzero meromorphic function g in 
C" to get a simple new proof of Lemma on logarithmic derivative. 

Now, put A(a) = {{zi^--- ,Zn) : \zk\< a for all /c} and A (a) = 
{(2:1, ■ ■ ■ , Zn) ■ \zk\< a ioi k ^ i, \zi\= a}. The measure on A (a) is 
the product of the (n — 1) dimensional Lebesgue measure and the usual 
measure on a circle in C. 
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Proposition 3.9. Let g be a meromorphic function in Ar. Let p,p' 
be positive real numbers such that p < p' . Assume R = {Rq, ■ ■ ■ , Rq) 
and p\a\< 1. Then, there exist a constant C depending only on n and 
a set E C [0, Rq] satisfying R^dt < oo such that for all a G [0, Rq] 
outside the set E, 

(i) is integrable in A* (a) with the given measure. 

(ii) 

^ /• f,D^g\\ C { Rl ^ 

V/ dm,{z)<- ° a,--- ,a ,^ 

^iA'(a)V 9 J Ro-a\{Ro-aY J 



Proof. Let ak,k = 1, 2, ■ ■ ■ , |a| be a sequence of ri-tuples satisfying: 
ai = 0, \ak\= la/c-il+l, for all k > 2. By the proof of Proposition 13.71 
and p < I, 

for all a < -R outside a set C [0, Rq] with f^^ ds < oo. Put 
h{a) = [_ \^\Pdm{z) {a e [0,Ro]). 

JA(a) 9 

Then 



I I i-=9 -1 = 1 ^ -7 / 



fc=2 i = l 

On the other hand, we have 



Qh ^dh ^ f (,D-g . 
— = a > - — = a > / dmdz). 



i=l 1=1 



Prom this and Lemma 13.51 we get the desired conclusion. □ 

Now, we need the generalized Wronskian of a meromorphic mapping 
which is due to H. Pujimoto [7]. 

Proposition 3.10. Let F : A/j — )■ CP™' be a linearly non- degenerate 
mapping. Assume that F = {Fq, ■ ■ ■ , Fm+i) is a reduced representation 
of F. Then there exist n-tuples ai, ■ ■ ■ , Om+i such that 

m(m + 1) 

|«i|H — ■ + |«m+i|< ^ and \ak\< m [1 < k < m + 1) 
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and the generalized Wronskian of F 

:= detiD'^^F, : 1 < ^, j < m + 1) ^ 0. 
Moreover, for such ai, ■ ■ ■ , am+i, we have 

—B ^ 2^mm{(Fi)o,m}. 

Proof. See [U Proposition 4.5 and Proposition 4.10]. □ 

Let £ — X be a holomorphic line bundle over a compact complex 
manifold X of dimension n and be a C— vector subspace of iJ°(X, C) 
of dimension m + 1. Let {ck}^^i be a basis of E and B{E) be the base 
locus of Define a mapping $ : X \ -B(-E) CP"* by 

:= [ci(x) : ■ ■ ■ : c„+i(a;)]. 

Denote by rankE" the maximal rank of Jacobian of $ on X \ B{E). It 
is easy to see that this definition does not depend on choosing a basis 
of E. Take aj G H'^{X,C),Dj = {aj = 0} (1 < j < q). Assume that 
X > n and g > X + 1. 

Definition 3.11. The hypersurfaces Di,D2, ■ ■ ■ ,Dg is said to be lo- 
cated in N-subgeneral position with respect to E if for any 1 < ^o < 
■ ■ ■ < < g, we have H^L^Di^ = B{E). 

Assume that {Dj} is located in X-subgeneral position with respect 
to E. Put u = ranks, b = dimB{E) + 1 if B{E) and b = -1 
if B{E) = 0. Assume that u > b. We set = J2i<j<m+i ^ij^jj where 
Qij G C Define a mapping $ : X — )■ CP™ by 

^{x) := [ci(x) : ■ ■ ■ : c„,+i{x)]. 
It is a meromorphic mapping. Let be the graph of Define 

pi : G($) ^ X,p2 : G'($) ^ CP™ 
by z) = x,p2{x, z) = z. Since X is compact, pi and p2 are proper. 
Hence, F = <I>(X) =p2br'(^)) 

is an algebraic variety of CP™. More- 
over, by definition of rankE", Y is of dimension ranki? = u. Denote by 
T-L the hyperplane line bundle of CP™. Put Hi := X]i<j<m+i '^y-^i-i' 
where [zo,zi, - ■ ■ , Zm] is the homogeneous coordinate of CP™. 
For each K C Q, put c{K) = rankjifjjjgx- We also set 

noi{Dj}) = max{c(X) : K C Q with |X|< X + 1} - 1, 

and 

n{{Dj}) = max{c(X) : X C Q} - L 
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Then n{{Dj}),no{{Dj}) are independent of the choice the C- vector 
subspace E of H'^{X, L) containing aj{l < j < q). We see that 

u < no{{Dj]) < n{{Dj}) < m. 

Proposition 3.12. Let notations be as above. Assume that Di, - ■ ■ ,Dq 

are in N -subgeneral position with respect to E and q > 2N — u + 2 + b. 

11 — I) 

PutkN = 2N-u+2+b,SN = no{{Dj}) andtN = in TTTTT- 

n{{Dj}) — u + 2 + b 

Then, there exist Nochka weights u{j) for {Dj}, i.e there exist con- 
stants uj{j) {j G Q) and 6 satisfying the following conditions: 

(i) < uj{j) < e < 1 (j G Q) ande> t^/kN- 

(ii) E,6Q^(j)>0(9-M+i^- 

(iii) Let Ej (j E Q) be arbitrary positive real numbers and R be a 
subset of Q with \R\= + 1. Then, there exist ji, ■ ■ ■ , js^+i in 
R such that 



and 



j&R l<j<sjv+l 



Proof. See [21 Section 2]. □ 

By repeating the argument in we get an analogous version of the 
Second Main Theorem in [3]. We state the following theorem without 
its proof. 

Theorem 3.13. Let X be a compact complex manifold. Let C X be 
a holomorphic line bundle over X . Fix a positive integer d. Let E be 
a C-vector subspace of dimension m + 1 of H^{X, C^). Put u = rank£' 
and b = dimB{E) + 1 if B{E) ^ 0, otherwise b = —1. Take positive 
divisors di,d2, - ■ ■ ,dq of d. Let cr^ (1 < j < q) be in if°(X, C^^) such 



_d_ _d_ 

d-i dq 



that ai^,--- ,aq'' G E. Set Dj = (o"j)o (1 < j < q). Assume that 
Di, - ■ ■ ,Dq are in N -subgeneral position with respect to E and u > 
b. Let f : Ar X be an analytically non- degenerate meromorphic 
mapping with respect to E, i.e /(Ar) ^ supp((cr)) for any a E E \ {0} 
and /(A^) fl B{E) = 0. Then, for all r < R such that rj does not 
belong to a set Ej C [0, Rj] with r^t^ d,^ < ^5 '"^^ have 

(g - (m + 1)K{E, N, {D,}))Tf{r, < ^N^f'^^'^ (r, A) + 5;(r), 

1=1 
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where k]\f,SN,tN are defined as in Proposition \3. i^l and 

4. Non-integrated defegt relation 

4.1. Definitions and basic properties. Let all notations be as in 
Section 3. The defect of f with respect to D truncated by k in E is 
defined by 



dfUu) = liminf 1 - L ; ' ' . 
^'^^ ' r^R V sTf{r,E) J 



We now assume that / is a meromorphic mapping of a connected 
complex manifold M into X such that /(M) n 5(E) = 0. Let D be 
a divisor of H^{X,C^) for some s > 0. For < k < oo, denote by 
Df^^ the set of real numbers rj > such that there exists a bounded 
measurable nonnegative function h on M such that 

r^r dd= log(|cip+ ■ ■ ■ + Ic^+iH'/" + dd= log h^>- mm{k, f*D} 

s 

in the sense of currents. The non-integrated defect of f with respect to 
D in E truncated by k is defined by 

Note that this definition does not depend on choosing a base of E. 

Remark 4.1. In the original definition of H. Fujimoto [7\, when X = 
CP^, C is the hyperplane bundle and s = 1 he required that functions 

h, - 

are continuous, where (p is a holomorphic function in M such that 
{ip)o = min{kJ*D}. 

By [5, Theorem 1], there exists an open subset U of M such that U 
is biholomorphic to a polydisc and M \ U has a zero measure, i.e 
if (V, (f) is a local coordinate then ip{{M \ U) nV) is of zero Lebesgue 
measure. 

Proposition 4.2. We have the following properties of the non-integrated 
defect: 

(i) 0<6%{D)<1. 

(ii) S%{D) = 1 iff{M)r\D = 0. 

(iii) 5%{D) >l-M.tff*D> komm{f*D, 1}. 
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(iv) Denote by fu the restriction of f to U and assume that 

\imTf^{r,E) = oo. 

Then < 6f^{D) < Sf^ ^iD) < 1. 
Proof. The properties (i) and (ii) are evident. To prove (Hi), put 

h = ( \ * and = A. 

Since f*D > komm{f*D, 1}, we get (Hi). 

We now prove [iv). Take a holomorphic function ip in such that 



(if) = minifljD, k}. For t] G ^, put 



fu, 

v = r/log(|ci(/c/)|2+ ■ ■ ■ + |c^+i(/t/)n^ + log/i - -logy^. 

s 

Then dd'^rj > and hence, by Corollary 12. 3[ we get 

^A^o ^y^ro) Jd'Ar JAro ^y^ro) JAr 

= 1] log(|ci(/t/)pH \- \Cm+l{fu)\^)^ djJArfi + log/irf/iA,,0 

Jd'Ar Jd'Ar 

- f - log ^ - / vdm{a)< rjTf^ (r, - -ivf J (r, D) + iT, 

where is a constant, because h is bounded from above. This implies 
that 

iVfJ(r,D) _ K 



1 >1-T] + 



Letting r ^ i?, we obtain dfj^iD) < Sf^ ^iD). □ 

4.2. Defect relation with a truncation. Now we give the non- 
integrated defect with a truncation for meromorphic mappings from 
a submanifold of C' to a compact complex manifold. 

Theorem 4.3. Let M be an n-dimensional closed complex submani- 
fold of and uj be its Kdhler form that is induced from the canonical 
Kdhler form of £} . Let C ^ X be a holomorphic line bundle over 
a compact manifold X . Fix a positive integer d and let di,d2, ■ ■ ■ ,dq 
be positive divisors of d. Let E be a C-vector subspace of dimension 
m + 1 of if°(X, C^) . Putu = rankE and b = dim5(E) + I if B{E) ^ 
0, otherwise b = —1. Let aj (1 < j < q) be in H'^lX, C^^) such 



_d_ _d 



that a^^,--- ,aq'' G E. Set Dj = {aj)o (1 < j < q)- Assume that 
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Di, - ■ ■ ,Dq are in N-subgeneral position with respect to E and u > h. 
Let f : M ^ X be an analytically non-degenerate meromorphic map- 
ping with respect to E, i.e f{M) (f_ supp(((T)) for any a E E \ {0} and 
f{M) n B{E) = 0. Assume that, for some p > and for some basis 
{cfcj^j^^ of E, there exists a bounded measurable function h > on M 
such that 

prdd'=log(|cip+--- + Ic^+iHi/^ + dd'^log/i^ > Ricw. 

Then, 

i=l 

where k^, sn, tN are defined as in Proposition \3.12 and K'{E, N, {Dj}) 
is the constant given in the end of the proof. 

d_ 

Proof. Put 0"/' = X]i<j<m+i '^u'^i' where aij G C. We define a mero- 
morphic mapping $ : X — CP™ by := [ci{x) : ■■■ : Cm+i{x)]. 
Also since X compact, Y = $(X) is an algebraic variety of CP™'. 
Moreover, by definition of rankE', Y is of dimension rankii^ = u. Put 
F = $ o /. Since /(M) fl B{E) = and / is non-degenerate with 
respect to E, F is meromorphic and linearly non-degenerate. Denote 
by Tim the hyperplane bundle of CP™. Put Hi := X]i<j<m+i '^u-^i-i' 
where [zq, Zi, - ■ ■ , z^] is the homogeneous coordinate of CP™. By [51 
Theorem 1], there exists an open subset U of M such that U is bi- 
holomorphic to a polydisc Aji and M \ U has a zero measure. For 
convenience, we still denote by /, F their restrictions to U. It is easy 
to see that 

(8) Tf{r,C) = ^Tp{r,nj and iV;(r, A) = iV^lr, A). 

Moreover, we get the following. 

. iV|(r, H,) = iVf ^/'^](r. A), = A)- 

• Hj^n---n Hj^ n F c $(P(^)) if Dj^n---n % = b{e) . 

Put 

/Ci = {P' C {1, 2, ■ ■ ■ , g + m - u + 6 + 1} : \R'\= rank(P') = m + 1}. 

Without loss of generality we may assume Rj = R* {I < j < n). 
From now on, we just consider n-tuples r = (ri,--- ,r„) such that 
Tj = r* {I < j < n). Suppose that 
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Then by Theorem 13.131 we have 

< {m+l)K{E,N,{D,}) < -^(m+l)(s^+m-2(M-6-l)). 

U 

By Proposition \A.2\ we get 



y < (m+l)K(E,iV,{D,}) < -^(m+l)(s,v+m-2(M-6-l)). 



Hence, we can assume 

r->R -\og[R*-r*) 

Let «!, • • ■ , Om+i be as in Proposition 13. 101 Set Iq = \ai\-\ — ■+ |am+i| 
and take t,p with < lot < p < 1. Put 

In = ^^{j) -{m + 1){sn -u + 2 + b)+m-u + l + b. 

j&Q 

By Proposition 13.91 and the proof of Theorem A in [3], we get the 
following. 

Claim 1. Let p be a real positive number such that 

m+l , ^ ^ 

Emim + 1) 
\ai\<V^-^ < 1- 

i=l 

Then there exists a positive constant K such that 



m(m + l) 

^^Sn \ P 2 



for each < r* < R* and r* outside a set E satisfying -j^TZt^i < oo. 
Claim 2. 

^U)i^H,iF) - ^P-iF)) < {sn -U + 2 + b)Pw{F)- 

l<j<q+m—u+b+l 

By definition of the non- integrated defect, there exist ?7i > (1 < 
i<q + m — u + b + 1) and a nonnegative functions hi such that 

r/iFMd^log(|zip+ ■ ■ ■ + \z^+i\^) + M'loghl > mm{m,F*Hi} 
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and l — r]i< 5^P\^^{Hi) < 1. Take a holomorphic function ipi in M such 
that = Ymn{m,F*Hi}. Put 



Ui 



e(^log^ + log(|Fip+---|F^+iPr/2| 



where Ki is a constant which is greater than hf and G is the constant 
in Proposition 13.121 By the above inequahty, we see that — O log ipi 
is a plurisubharmonic function on M and 

Put 

q+m—u+b+l 

and 

V := log ; -T— "i h > Ui. 

Since — log ipi (9 > Ci;(j)) is a psh function and by virtue of Claim 
2, it implies that f is a psh function. On the other hand, by the 
hypothesis, there exist p > and a nonnegative bounded function h 
such that 

-np + M^logh^ > Ricw, 
a 

where u is the Kahler^form on M. 

Put w = log where u = ^ Y^ij hijdzi A dzj in f/, Kq is a 

constant which is greater than h"^. Then we have 

and w is a psh function. Hence, 

e^'dvol < \ \F\\P/'^dx^ A ■ ■ ■ A dx" in f/, 

where d vol stands for the volume form of M with respect to the given 
Kahler metric. Put 

a = 

lN + e{s-q)' 



X 
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and wi = w + av. Then wi is plurisubharmonic. Hence, e^^ is also 
plurisubharmonic. We have 

J Ar J Ar 

= / ixriiFir''^rfm(z) 

J Ar 

Suppose a' = 3nm{m + l)a < 1. Then by Claim 1, for each r* outside 
a set E with ds < oo, we have 



E /^. lxri|Fr'» < c(|^i-L_T.(r-.£)) 



=1 -^A'Cr*) 



Conbining with the fact that limsup^^^ -iog{R*^-r*) ^ 

for some Ki and r* G [0, R*) — \E. Varying Ki slightly, we may assume 
the above inequality holds for all r* G [0,R*) by [6, Proposition 5.5]. 
From this, we conclude that 



et 



a'/l 



Combining with the fact that M\U has zero measure, we get 

e""^ rfvol < 00. 



By Proposition I2.10[ we get a contradiction. Hence, 3nm(m + l)a > 1. 
This means 

3pnm(m + 1) , ^iv ^ 

Bex B 

Put 

iV {D }) = ''^N - {m + 1){sn - u + 2 + b) + m - u + b + 1 ^ 

3pnm{m + 1) 
B^ ■ 

By a direct computation and note that 

q+m~u+b+l 

\s- 4?^'kA)|<eg 

2=1 
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for e > small enough and 6 > tN/kN, and 

In > 0(g - kj^) + tN - {m + 1){sn - u + 2 + b) + m - u + b + 1. 

we obtain the desired inequality. □ 

In the case where X is the complex projective space, C is the hyper- 
plane bundle of X and Dj are hyperplanes in A^-subgeneral position, 
we get the following. 

Corollary 4.4. Let M be an n- dimensional closed complex submanifold 
of£} and uo be its Kdhler form that is induced from the canonical Kdhler 
form ofCK Let f : M ^ CP™ be a linear non- degenerate meromorphic 
map. Let {Hj} be a family of hyperplanes in N -subgeneral position in 
CP'". Denote by Qf the pull-back of the Fubini-Study form o/ CP™ 
by f. Assume that, for some p > 0, there exists a bounded measurable 
function h > on M such that 

pVLf + dd'^log/i^ > Riccj. 

Then, 

g 

< (2A^ - m + 1) + 2pnm{2N - m + 1). 

i=l 

Corollary 4.5. Let M be an n-dimensional closed complex submanifold 
o/C' and u be its Kdhler form that is induced from the canonical Kdhler 
form of C' . Let f : M ^ CP™ be a meromorphic mapping. Denote by 
Qf the pull-back of the Fubini-Study form of CP™ by f. Assume that 
f satisfies the following two conditions: 

(i) Assume that, for some p > 0, there exists a bounded measurable 
function h > on M such that 

p^lf + dcY" log/i^ > Ricw, 

(ii) / omits {{2N — m + 2) + 2pnm{2N — m + 1)) hyperplanes in 
N -subgeneral position in CP™. 

Then f is linearly degenerate. 

Remark 4.6. By using our arguments and their techniques in [TBj . 
|18j . [T9] . we can generalize exactly their results to meromorphic map- 
pings from a Stein manifold without the assumption {H) into a smooth 
complex projective variety V C CP^. 

Let Di, ■ ■ ■ , Z)g be hypersurfaces in CP", where q > n. Also, the 
hupersurfaces Di, - ■ ■ ,Dg are said to be in general position in CP" if 
for every subset {io, ■ ■ ■ , z„} C {1, ■ ■ ■ , g}, 

Ao n • • ■ n A„ = 0- 
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We now can prove the following improvement of flGl Theorem 1.1]). 

Theorem 4.3'. Let M be an n- dimensional closed complex submani- 
fold of C' and u be its Kdhler form that is induced from the canonical 
Kdhler form of C' . Let f : M CP" be a meromorphic map which 
is algebraically nondegenerate (i.e. its image is not contained in any 
proper subvariety of 'CP"'). Denote by Qf the pull-back of the Fubini- 
Study form of CP" by f. Let -Di, ■ ■ ■ ,Dg be hypersurfaces of degree dj 
in CP", located in general position. Let d = l.c.m.{di, ■ ■ ■ ,dq} (the 
least common multiple of {di, ■ ■ ■ , dq} ). Assume that, for some p > 0, 
there exists a bounded continuous function h > on M such that 



where I < 2"'+^"e"d2"(n/(e-i))" and I{x) := min{fc e N : k > x} for 
a positive real number x. 

We now recall the definition of the subgeneral position in the sense 
of dH Theorem 1.2]. 

Let V C CP^ be a smooth complex projective variety of dimension 
n > 1. Let ni > n and q > 2ni — n + 1. Hypersurfaces Di, ■ ■ ■ ,Dq in 
CP^ with V ^ Dj for all j = l,...,q are said to be in ni-subgeneral 
position in V if the two following conditions are satisfied: 

(i) For every I < jo < ■ ■ ■ < jn, < q, V n D^, H ■ ■ ■ H D,^_^ = 0. 

(ii) For any subset J C {!,■■■ ,q} such that < \J\ < n and 
{Dj, j E J} are in general position in V and V fl (fljgj-Dj) 7^ 0, there 
exists an irreducible component aj of V H (Hj^jDj) with dimcrj = 
dim(\^ n {njfzjDj)) such that for any i e {1, ■ ■ ■ ,q} \ J, if dim{V fl 
(Dj^jDj)) = dim(\^ D DiH (Hji^jDj)), then Di contains aj. 

We now can prove the following improvement of [TH Theorem 1.2]). 

Theorem 4.3". Let V C CP^ be a smooth complex projective variety 
of dimension n > 1. Let ni> n and q > 2ni — n + 1. Let Di, ■ ■ ■ ,Dq 
be hypersurfaces in CP^ of degree dj, in rii-subgeneral position in V. 
Let d = l.c.m.{di, ■ ■ ■ , dq} (the least common multiple of {di, ■ ■ ■ , dq} ). 
Let e be an arbitrary constant with < e < 1. Set 



pVL} + dd'^log/i^ > Ric u. 



Then for every e > 




i=l 



m := 



4d"(2n + l)(2ni -n + l)deg\/- - +1 
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where [x] := max{A; G Z : A; < x} for a real number x. Let M he an 
n-dimensional closed complex submanifold of C' and u he its Kdhler 
form that is induced from the canonical Kdhler form ofCK Let f he an 
algehraically nondegenerate meromorphic map of M into V. Denote 
hy Qf the pull-hack of the Fuhini- Study form of CP^ hy f. For some 
p > 0, if there exists a hounded continuous function h > on M such 
that 

pQf + dd"" log h"^ > Ric u, 

then we have 



4'W (^j) < 2ni - n + 1 + ge + pT 



for some positive integers l,T satisfying 

/N+mdx (2'^1 — + 1) ■ f^'^'T'^) 



d{m - (ra + 1) (2n + deg V) ' 

With the same definition of hypersurfaces in subgenera! position as 
in Definition 13. IH we can also prove the following improvement of [T9| 
Theorem 1.1]). 

Theorem 4.3"'. Let M he an n-dimensional closed complex suhman- 
ifold of and u he its Kdhler form that is induced from the canonical 
Kdhler form of C'' . Let f he an algehraically nondegenerate meromor- 
phic map of M into CP". Let Di, - ■ ■ ,Dq he hypersurfaces in CP" of 
degree dj, in k-suhgeneral position in CP". Let d = l.c.m.{di, ■ ■ ■ , dq} 
(the least common multiple of{di, ■ ■ ■ , dq} ). Denote hyQf the pull-hack 
of the Fuhini-Study form of CP" hy f. Assume that for some p > 0, 
there exists a hounded continuous function h > on M such that 

pVlf + dd'^log/i^ > Ric u. 

Then, for each e > 0, we have 



where I = (^^")< (3eA;rf/(e^^))"(n+l)3" for N := 2kdn^{n+lfl{e-^). 

4.3. Defect relation with no truncation. In this case, we get the 
following sharp defect relation. 

Theorem 4.7. Let M he an n-dimensional closed complex suhmani- 
fold of C' and u he its Kdhler form that is induced from the canonical 
Kdhler form of C'. Let C ^ X he a holomorphic line hundle over 
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a compact manifold X . Fix a positive integer d and let di,d2, ■ ■ ■ ,dq 
be positive divisors of d. Let E he a C-vector suhspace of dimension 
m + 1 of H^X,^^). Let aj (1 < j < q) be m H'^{X,C'^') such that 

_d_ _d_ 

a^^ , ■ ■ ■ , (Tg' E E. Set Dj = (cr)o {1 < j < q)- Assume that Di, - ■ ■ ,Dg 
are in N-subgeneral position with respect to E Let f : M ^ X be 
a meromorphic mapping satisfying f{M) (f_ Dj for I < j < q and 
f{M) n B{E) = 0. Assume that, there exists a holomorphic section 
V of K~^l such that for some basis {ci, C2, ■ ■ ■ , Cm+i} of E and I large 
enough, 

dd= log(|ci(/)|2+ . . . + \cm+iif)\J^'' > dd^(i/z7u;"). 

Then, 

g 

i=l 

Before proving the above theorem, we will give a modification of [H 
Theorem 2']. 

Proposition 4.8. Let M, 81,62 > and q,n ^ N,q > 2n. Then, there 
is a number a = 0(61,62, M,q,n) > with the following property: 
If u,ui, ■ ■ ■ ,Uq are subharmonic functions in an open neighborhood of 
Ai C C with Riesz charges z/, i/i, ■ ■ ■ , i/g, respectively such that 

q 

(i/ + ^z/,)(Ai) < M, 

1=1 

then 

/ I sup Ui^, — u\dxdy < a, for all 1 < ii < ■ ■ ■ < in+i < q. 

Jai l<A.<n+l 

Moreover, there exists r G [1 — 1] such that 

(X^'^.-(g-2n)z/)VA,,)>-52. 

^ i=i ' 
Proof. Suppose the theorem is false. Then there are a number 5 > 
and a sequence {u^ ,u{,- ■ ■ ,u^q),j G N with Riesz charge , respec- 
tively such that 

i=l 

and for all r G [1 — 1] one has 

(j2iyi-{q-2n)u)]{Ar)<-62. 
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Hence, by passing to a subsequence if necessary, we can assume 

vl Z/j, z/^ I/, 

Let G * A be the Green potential of the charge A in the disk Ai. By the 
Riesz representation formula, we have 

where hi is harmonic in Ai. By the proof of [4, Theorem 2'], we get 
the followings: 

(i) G * z/f -> G * z/i, G*v^ ^G*v in ^^(Ai). 

(ii) hi — )■ hi uniformly on compact subsets, some of hi may be 
identical — oo. We can suppose hi ^ — oo for 1 < i < g' and 
hi = — oo for i > q'. Note that q' ~ q < n. 

(iii) Put Ui = hi + G * Ui {1 < i < q') , u = G * u, n' = n — {q — q') . 
Then u = supi^i^^n+i '^ik for all 1 < < • • • < in+i < q' ■ 

Hence, by [H Theorem 2], we get 

q' 

^z/i - (g - 2n)p > 0. 

i=l 

Consequently, 

q 

K := Vi — {q — 2n)u 

i=l 

q' q 

= ^Vi-{(i -2n)v\ ^ z/i + {(g'-2n') - (g-2n)}z/. 

4=1 i=<j'+l 

Obviously, the expression in the braces is nonnegative. Therefore, k > 
0. Finally, for a Radon measure A in a neighborhood of Ai, we have 
X{dAr) = for all r outside a countable subset of [0, 1]. Thus, we can 
choose a sequence r„ increasingly tending to 1 such that u^^dAr^) = 0. 
Hence, 

1=1 

as j — )■ OO. From these, we get a contradiction. □ 

Corollary 4.9. Let M, 6 > and q,n ^ N,q > 2n. Let u,Ui, - ■ ■ , Uq be 
suhharmonic functions in an open neighborhood of Ar C C with Riesz 
charges z/, z^i, ■ ■ ■ , z/g, respectively such that the following two statements 
satisfied 

(i) v{Ar) — )■ +00 as r tends to R, 
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(ii) For all 1 < ii < ■ ■ ■ < in+i < we have 



\ _\ sup - u\dxdy = 0(1) 

1" J Ar l<k<n+l 



as r tends to R. 
Then for each 6 > 0, 



(X^'^*-(g-2n)z/') (A,) > -5L{d.r) + Y,Vj{^r)) 

\ i=l J \ i=l J 
for r close enough to R. 
Proof. Put 

u{rz) Ui{rz) 



^(Ar) + ELl M^r) ' ' iy{Ar) + Ell ^A^r) 

for 2 in a neighborhood of Ai and r < R. By the condition (i) and 
Proposition I4.8[ we obtain the assertion. □ 



By the Jensen formula and Corollary I4■9^ we have the Eremenko- 
Sodin second main theorem. 

Corollary 4.10. Let the notations and the hypothesis be as in Corol- 
lary \4.9[ Then for each 6 > 0, 

/2-K / 1 \ /•27r 

y ^ Ui{re'') - (g - 2n)u{re'')j dt > -6 j u{re'')dt + 0(1) 



for all r close enough to R. Here the term 0(1) is a constant as r R, 
but depends on Ui,u. 

In high dimension, we have 

Corollary 4.11. Let M,5 > and q,n G N, q > 2n. Let u,Ui, - ■ ■ , Ug 
be psh functions in an open neighborhood of A/j C C' such that the 
following two statements are satisfied 

(i) Jq,^ udti - ■ ■ dti — > +00 as r tends to R, 

(ii) For all 1 < ii < ■ ■ ■ < in+i < q, 



I sup Uj^(z) - n(z)|= 0(1) 

l<fe<n+l 



as \z\ tends to R. 
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Then for each 5 > 0, 



/ ( - (g - 2n)M ) (iti ■ • ■ (iti > -5 / udti- ■ ■ dti + 0{l) 

for r close enough to R. 
Proof. Put 

Jo Jo 

And we define Wi {1 < i < q) in the similar manner. The radius 
r = (ri, • ■ ■ , r„) is chosen close enough to R. It is easy to see that w, Wi 
satisfy conditions in Corollary 14.91 □ 

Proof of Theorem \4.7\ We still use notations as in the first para- 
graph of the proof of Theorem 14. 3[ We now suppose on the contrary. 
By definition of the non-integrated defect, there exist rji > {1 < i < q) 
and nonnegative functions hi such that 

V,F*dd'log{\z,\^+ ■■■ + Iz^+iH + dd^log/i^ > F*H, 

and l-r]i < 6F,nm.{Hi) < 1. Put r] = Ylhii^ ~ Vi)- Therefore, 

q 

{q - ri)dd' log| |F| |2+dd' log h'^ > ^ F*Hi, 

where h' is measurable and bounded. Subtracting (g — 2n)dd'^ log| |F| p 
from the two sides of the above inequality, we get 

dd"log/i'2 > ('^F*ifi-(g-2n)dd=log||F||2')+(r7-2n)dd"log||F||l 

Note that by /(M) n 5(E) = 0, we have 

(9) |log||F|p-maxi<,<^+ilog|ff,^(F)n= 0(1) 

for all 1 < ii < ■ ■ -iN+i < q- 



Claim 1. 



Indeed, denote by the trivialization of vV on Aj:j. If |z/p is not 
integrable over M then we are done. Otherwise, it is integrable hence 
since v holomorphic is plurisubharmonic function on M. Taking 
into account of Theorem 12.91 ones get Claim 1 . 
Claim 2. 



lim / log||F(2)||= +00. 

'•^R Jd'Ar 
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Applying Theorem 12.31 for ^log||-F|| and uVu"', and integrating in a 
over (for some tq fixed) and the inequahty in the hypothesis of 
Theorem 14.71 we get 

/ log||F(z)||>y / + 

where E! < R and C is a constant that does not depend on E! . On the 
other hand, 

r rRi rRn r 

+00 = / VVUJ^ = I Tidri ■ ■ ■ TndVn / uVio'^ 

Jar Jo Jo Jd'Ar 

Hence, J^,^, vVoj^ tends to +oo as r closes to R. That yields the claim 
2. Now, by applying Corollary 14 . 1 1 1 for u = log||F(2;)||, Ui = Hi{F) and 
Jensen's formula, we get the desired conclusion. q 

We recall the following version of the Bloch-Cartan theorem which 
plays an essential role in Geometric Function Theory. 

Theorem 4.12. (see Corollary 3.10.8, p.l37]j // a holomorphic 
map / : C — 7- CP"* misses 2m + 1 or more hyperplanes in general 
position, then it is a constant map. 

The Bloch-Cartan theorem is generalized to hypersurfaces in general 
position in CP™ by Babets and Eremenko-Sodin 

Theorem 4.13. (see [1] and jljj // a holomorphic map / : C — )■ CP™ 

misses 2m + 1 or more hypersurfaces in general position, then it is a 
constant map. 

From Theorem 14. 7[ we have the following Bloch-Cartan theorem for 
meromorphic mappings from C' to a smooth algebraic variety V in 
CP™ missing 2N + 1 or more hypersurfaces in A^-general position. 

Corollary 4.14. Let f be a meromorphic mapping o/ C' to a smooth 
algebraic variety V in CP™. Let Di,--- ,D2n+i be hypersurfaces of 
CP™ such that V ^ Dj and Dj fl V are in N-subgeneral position in V. 
Assume that f omits Dj (1 < j < 2N + 1). Then f is constant. 

5. A UNICITY THEOREM 

In , the author gave a unicity theorem for meromorphic mappings 
from a complete Kahler manifold satisfying the assumption (H) into 
the complex projective space CP". The last aim of this paper is to give 
an analogous unicity theorem for meromorphic mappings from a Stein 
manifold without the assumption (H) to a compact complex manifold. 
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Denote by Ap{M,X) the set of holomorphic mappings f : M ^ X 
satisfying the following condition: There exist p > and a bounded 
measurable function h > on M such that 

prdd'=log(|ci|2+--- + Ic^+iH^/'^ + dd^log/i' > Ricw, 

where {ck}^:^i ^'^^ ^ basis of E. 

In this section, we assume the hypothesis as in the statement of 
Theorem 14. 31 and also keep the notations as in the first part of the proof 
of Theorem SSI Let /, g be in Ap{M, X). Set F = $ o /, G = $ o ^. 

Theorem 5.1. Assume that the following are satisfied, 
t) f = gon uUU-\D,)Ug-\D,)), 

ii) q > {m+l)K{E, N, {D^}) + ^{3p{-fF+lG)+mF+mG+m-u+b+l) 

tN 

(for the definition of mp^mc, see below). 
Then f = g. 

Firstly, some notations and auxiliary lemmas in [7], [8] are re-used. 

Let ^ be a holomorphic mapping of M to CP™. Take a point p E M 
and a reduced representation of ^ as ^ = (^o, ■ ■ ■ , ^m) in a neighborhood 
of p. Denote by Aip the field of germs of meromorphic functions in an 
open subset containing p. Let J^p be the submodule of A^™"*"^ generated 
by d^"^C,/dz°' with |a|< k, where z = {zi,Z2, ■ ■ ■ ,Zn) is a holomorphic 
local coordinate around p. Clearly, this definition does not depend on 
the coordinate z and the reduced representation of /. The k-th rank of 
/ is defined by 

r^{k) = rank^p - rank^^jj"^ 
which is independent of the choice of p G M, if M is connected. Set 

7? = ^kr^{k), 

k 

l-l 

k,l A=l 

where denotes the number of solutions of the equation 

ti+t2 + - ■ -tn-i = I, where ti{l <i < n — 1) is a non-negative integer. 

Lemma 5.2. (see [H Def. 3.1, Example 3.3 and Paragraph (3.5)] ) 

(i) We have < < 75 < Hl^^. 

(ii) Suppose that n = m and rank^ = n. Then = 1, 7^ = n. 
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(iii) Let (1 < i < m+1) be n-tuples satisfying the properties given 
in Proposition \3.1Lh with respect to ^. Put ai = {a}, af, ■ ■ ■ , a^). 
Then ^2^=^ — ""^C /^^ each 1 < i < n. 

For convenience, we denote by W{^) one of the generalized Wron- 
skians Vr«i...a™+i (0 for some {ai, ■ ■ ■ , am+i} being as in the statement 
iii) of Lemma 15. 2[ 

Remark 5.3. Let notations and hypothesis be as in the statement of 
Theorem \3.13\ and its proof. Then, for all r < R such that rj does not 
belong to a set Ej C [0, Rj] with ds < oo, we have 

(g - (m + 1)K{E, N, {D^}))Tfir, E) < 

J2 (^{j)NH,(F){r, 0)-isN-u + 2 + b)Nw(F){r, 0) + Sf{r), 
i=i 

where K{E,N, {Dj}) = kN^SN -u + 2 + b)/tN. 

Remark 5.4. By [71 Proposition 4.5 and Proposition 4.10], the right- 
handed side of the last inequality in Proposition \3.10\ can be improved 
to be 

m+1 

^min{(Fi)o,mj7'}. 

i=l 

and the right-handed side of its first inequality can be chosen to be 'jp. 
Lemma 5.5. The coefficients of the divisor 

q+m—u+b+l 

^Hj{F) - (sn - U + 2 + h)vw(F) 

i=i 

are smaller than mp. 

Proof. Denote by K, the set of all subsets of {1, ■ ■ ■ , g} such that 
\K\= sjv + 1 and Dj^kDj = B{E). Then /C is the set of all sub- 
sets K C {1,2--- ,g} such that \K\= sa? + 1 and Hj^KHj HY = 
^{B{E)). By [31 Lemma 4.1 and 4.3], there are (m — u) hyperplanes 
Hq+i, ■ ■ ■ , Hq+rn-u+b+i m CP™ such that 

{Hj, Hq+i : j e R,l < i < m - u b 1} 

are in (sat + m — u + 6 + l)-subgeneral position in the usual sense, where 
RelC. Put 

/Ci = {i? C {1, 2, ■ ■ ■ , g + m - M + 6 + 1} : |P|= rank(i?) = m + 1}. 
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By Proposition 13. 121 for any z & M and for any J C {1, 2, ■ ■ ■ , g} with 
I J|= + 1, there exists a subset K (J, 2;) G /C such that 

j^J jeK'{.j,z) iGX 

Hence, 

(10) max|j|=jv+i ^a;(j>H^(i.)(z) < niax^^e^ ^ iyH^{F)iz). 

jdJ j&K 

On the other hand, we have 

<? 

(11) '^uj{j)uH^(^F){z) = max|j|=^+i ^u;(j>j/^, (F)(2). 

Put Li/ = E?ir~"^''^^^0>J?.(i^)('2)- Combining ([n]) and ([TO]) and 
by Lemma 4.2 [3J, we have 

q+m—u+b+l 

(12) LH<maxKeJC^i^H,iF)iz)+ ^ ^Hj(F){.z) 

< max^e^i (sjv - u + 2 + 6) f ^ //^^(ir) (2;) J . 

On the other hand, for i? G /Ci we deduce from p| Lemma 3.4] that 
^^H,{F)iz) - lyw(F)iz) < mp. 

It follows that 

(13) i^w{F)iz) +mF> maxRg^^ ^ vh,(f){z). 

Therefore we get the conclusion. □ 

Proof of Theorem \5.1[ Suppose that f ^ g. We consider two cases: 
Case 1. 

Tf{r,E) Tg{r,E) 

limsup — = 00 or limsup — = 00. 

r^R - log(i? - r) r^R - log{R - r) 
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By the remark above and by noting that Nhj{f)Hj{g){''^, 0) < T/(r, E) + 
Tg{r, E), one can see that 

(^q-{m + l)K{E, N, {D,}) -{m-u + b + l)^ {Tj{r, E)+Tg{r, E)) < 

J2'^U)NH,iF)H,iG){r,0)-{sN-u+2+b)NwiF)w{G){r,0) + {Sf{r)+Sg{r)), 
i=i 

Choose two indices ^o, jo such that x '■= -^io^jo ~ ^jo^io ^ 0- -By the 
assumption, we have 

supp U^^i Hj{E) U Hj{G) C suppz/^. 

By Lemma [5.51 it imphes that 

q 

^{j)NH^(^F)Hj(G){r, 0) - {sn -U + 2 + b)Nw{F)w{G){r, 0) 

i=i 

< {ruF + mG)N^ir, 0) + (5j(r) + Sg{r)). 
For |x|< ||F||||G||, one deduces 

q-{m+l)K{E, N, {Dj})-{m-u+b+l)-mF-mG^ {Tf{r, E)+Tg{r, E)) 

<Sf{r) + Sgir). 

This is a contradiction by the condition posed in this case. 
Case 2. 

Tf{r,E) , Tg{r,E) 

hmsup — < oo and hmsup — < oo. 

r^R - log(i? - r) r~^R - log(i? - r) 

By asumption, we can take psh functions Ui,U2 such that 
e"^ det{hi,)^/^ < llFll^/^e"^ det(/ii,-)'^' < 11^11"/^. 

Put 

In = — {m + 1)(sn — u + 2 + b) + m — u + 1 + b, 

j&Q 

* = i ■ 

Also set 



0(F) 



YY>p^-^+''+^\Hj{F{z))\-^jy 
and a similar notation for G. By Lemma 15.51 the function 
V -.= 1 log (f){F)(j){G) + t{mF + mc) log|x| 
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is plurisubharmonic. Since 2||F||||G||, we have 

j e''+''^+"Mvol < y"||F||*'^0(F)*||G||*'^0(G)*da;^ A--- Adx" in U, 

where d vol stands for the volume form of M with respect to the given 
Kahler metric. Put pi = (7^ + 1g)/if, P2 = {if + 1g)/ig- Applying 
Holder's inequality with the powers {pi,P2), it implies that 



i/pi 



\ 1/P2 



Ar \ A,. 



By Proposition 13. 12^ we get 6 > t^/kN and 
XI '^O') ^ &{q-kN)+tN 

> (g - kj^)^ + tN 

> Spi'jF + 1g) +mF + iriG. 

This yields that ^pit'jp = 3 ^^i^^^Z^G ^ similarly 3p2^7G < 1- 

Now, proceeding as the last part of the proof of Theorem 14.31 we get a 
contradiction. Hence, f = g. 



We have a nice corollary in case of equi- dimension. 

Corollary 5.6. Let M be a Stein manifold of dimension m. Let f,g 
be two holomorphic mappings of M to CP™ such that they have rank 
m and belong to ^p(M, CP™). Let {Dj^^^^ be a family of hyperplanes 
in general position. Suppose that 
i) f = gon yjUr^D,yjg-^D,. 
a) q > m + 3 + 6mp. 
Then f = g. 

Remark 5.7. In the case where X = CP™ and {Dj} is a family 
of hyperplanes in general position, the difference between our result 
and the unicity theorem of Fujimoto in ^ only is the coefficient 3 
corresponding p{'^f+1g)- That is caused by the power in the left-handed 
side of the inequality in Proposition VJ .iA 
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